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Abstract 

We study five dimensional (5D) spherically symmetric self-similar perfect fluid space- 
time with adiabatic equation of state, considering all the families of future directed non- 
spacelike geodesies. The space-time admits globally strong curvature naked singularities in 
the sense of Tipler and thus violates the cosmic censorship conjecture provided a certain 
algebraic equation has real positive roots. We further show that it is the weak energy 
condition (WEC) that is necessary for visibility of singularities for a finite period of time 
and for singularities to be gravitationally strong. We, also, match the solution to 5D 
Schwarzschild solution using the junction conditions. 

keywords: gravitational collapse, causal structure, naked singularity, strength, junction con- 
dition. 

1 Introduction 



The singularity theorems of Hawking and Ellis [1] have established the fact that the gravitational 
collapse of sufficiently massive star under fairly general conditions will result in a singularity. 
However, these theorems do not indicate the nature of singularity. The cosmic censorship con- 
jecture (CCC) articulated by Penrose [2], in its strong version forbids the visibility of singularity 
to anyone even if one is infinitesimally close to it, whereas in the weak form, it essentially states 
that gravitational collapse from a regular initial data never creates the space-time singularity 
visible to distant observers. 

The development of superstring and other field theories has led to proliferation of several 
articles on higher- dimensional (HD) space-time from the viewpoint of both cosmology [3] and 
gravitational collapse [4]. Therefore, an important question that arises: will the examples of 
naked singularities in four- dimensional (4D) spherical gravitational collapse goes over to HD 
space-time or not? If yes, then a related question is whether the dimensionality of space-time 
has any effect on the formation and nature of the singularity. 

In recent development, it has been shown that, in null radiation collapse [5] and in dust 
collapse [6], the increase in dimension leads to monotonic shrinkage of naked singularity window, 
i.e., it favours occurrence of black holes. 



In a recent work [7], we have studied gravitational collapse in adiabatic self-similar fluid in 5D 
space-time. It turns out that the WEC is a necessary and sufficient condition for a singularity to 
be globally naked and gravitationally strong. Ghosh and Deshkar has extended these studies to 
n dimensional space-time by considering null geodesies only [8]. Our purpose now is to further 
examine the structure and strength of a naked singularity in the 5D perfect fluid collapse by 
considering all the families of future directed non-spacelike geodesies. 

In Sec. 2, we determine the field equations of 5D self-similar spherically symmetric space- 
time. These field equations are used to study the occurrence of globally naked strong curvature 
singularities for all the families of future directed non-spacelike geodesies in Sec. 3. To represent a 
stellar solution, the junction conditions are also discussed in Sec. 4. The fluid solution is matched 
to 5D Schwarzschild solution in retarded Eddington-Finkelstein coordinates. Conclusions are 
given in Sec. 5. 



2 Self-similar perfect fluid in five dimensional space-time 

5D self-similar spherically symmetric space-time in comoving coordinates is given by 

Self similarity implies that all variables of physical interest may be expressed in terms of the 
self-similarity parameter X — t/r. Therefore, v, ip and S are functions of X — t/r only and 

dVl 2 = d6 2 + sin 2 9 d(f) 2 + sin 2 9 sin 2 d$ 2 (2) 

is the metric on an 3-sphere. The pressure and energy density can be put in the form: 
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The stress-energy tensor for a perfect fluid is 

T ab = (p + P)u a u b + Pg ab (4) 

where u a = 8 l a is the 5-dimensional velocity. The self-similarity in general relativity generalizes 
the classical notion of similarity and implies the existence of constants of motion along dX = 0, 
which in turn allows the reduction of the Einstein field equations to a set of ordinary differential 
equations [9]: 
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where an overdot denotes the derivative with respect to X. We assume that the collapsing fluid 
obeys an adiabatic equation of state 



p(X) = Xr)(X) 
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where < A < 1 is a constant. The conservation of energy momentum tensor 
T ab = q 

implies that 
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On integrating Eqs. (10) and (11), respectively, we get 
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where a and 7 are integration constants. Eliminating S from Eqs. (5) and (6), we obtain 
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where the quantities V and H are defined as follows 

V(X) = e 2 ^ - X 2 e 2u , H = (q + p)e 2 ^ . 
We can also put H as 

H = 87rr 2 e 2 ^ - T °) (17) 

For all nonspacelike vector V a , the matter satisfy weak energy condition [1] if and only if 

T ab V a V b > 0. (18) 

Hence, for matter satisfying weak energy condition H(X) > for all X. 

It is understood that a curvature singularity forms at the center of the cloud (t — 0,r — 
0), where the physical quantities like matter density and pressure diverge. This leads to the 
divergence of curvature scalars there. A singularity (a naked singularity or a black hole) can 
be categorized by the existence of non-spacelike geodesies emanating from the singularity at 
(t — 0, r = 0). If such geodesies exist then singularity is at least locally naked, otherwise it is a 
black hole. Further, if the singularity is naked, then there exists a real and positive value of X 
as a solution to the algebraic equation [10]. To analyze this, we further study self-similar field 
equations. 

The constants of integrations a and 7 can be set equal to unity by a suitable scale transfor- 
mation. Now,we define two new functions y = X 13 and U 2 = e 2 ^~ 2v / X 2 = y~ 3 rj~ 3l3 S~ 6 where 



< A < 1, S — 1 + \ and (3 = 2(1 — A)/3(l + A), using these transformations into Eqs.(14) and 
(15), we obtain 
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where the prime denotes differentiation with respect to y. The scale invariant quantity U repre- 
sents velocity of the fluid relative to the hypersurface X = const. The case U — 1 is related to 
occurrence of naked singularity in the space-time. Therefore, we are interested in the values of 
different parameters for the solution, which take into account the case U — 1 for some X > 0. 
For this, we write 
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We analyze now the solutions of above differential equations near the point y — yo — y{Xo) with 
the condition that U(y ) = (t] X )~^Sq 6 = 1. On using (21) and (22), Eqs. (19) and (20) take, 
respectively, the forms 
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Here rj'(yo) = ^o^i and S'(yo) = SoSi. Eliminating Si and So from the above equations, we 
obtain: 
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where 

This sixth degree algebraic equation decides the end state of the collapse. The existence of real 
positive roots of this equation will put a limitation on the physical parameters r] and rj\. It is 
easy to verify that the above equation can admit at the most four real positive roots. In similar 
situation in four dimensions, one gets a quartic equation. 



3 Causal Structure near the Naked Singularities 



In this section, we employ the above solution for an investigation of the formation of a black 
hole or a naked singularity in a collapsing self-similar adiabatic perfect fluid in a 5D space-time. 
A self-similar space-time is characterized by the existence of a homothetic Killing vector: 



(26) 



which is given by the Lie derivative C^g a b = £a ; 6 + £&;a = 2g a b where £ is a notation for a 
Lie derivative. Let K l = dx l /dk be the tangent vector to the geodesies, where k is an affine 
parameter. For the self similar metric (1) the Lagrange equations immediately give 
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where uj and I are the isotropy and impact parameters respectively. Also, we have 
g ab K a K b = B 



(27) 
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where B= 0, B< 0, B> correspond to different classes of geodesies, namely, null, timelike 
and spacelike, respectively. 

It follows that, along non-spacelike geodesies, we have 

?K a = C + Bk (29) 

where C is a constant. From the above algebraic equation and the condition (28), we get 
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I 2 



= B 



r 2 S 2 cos 2 uj 

Solving the above equations yield the following exact expressions for K l and K r : 
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The function Q is chosen positive throughout and we have put B = and L — To study 
the nature of the singularity, we employ the technique developed by Dwivedi and Joshi [11] by 
making necessary changes for 5D case. The non-spacelike geodesies, by virtue of Eqs. (32) and 
(33), satisfy 
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The point t = 0, r = is a singular point of the above differential equation, 
of X reveals the exact nature of the singularity through the analysis of non 
that terminate at the singularity: 

Xq = lim X = lim - = lim — . 

t^O r^O t^O r^O r *->0 r^O dr 

Using (35) and L'Hopital's rule we get 

V(X )Q(X ) = 
and this in turn gives 

V(X ) = 

or 

Q(X ) = L 2 V(X ) = -S 2 (X ) cos 2 u. (39) 

If Eq. (38) or Eq. (39) have any real positive roots, then geodesies clearly terminate at 
the singularity with a definite tangent, so that the central shell-focusing singularity is at least 
locally naked. The smallest value of X , say Xq, corresponds to the earliest ray escaping from 
the singularity which, is called the Cauchy horizon of the space-time, and there is no solution 
in the region X < Xq [10]. Hence, in the absence of a positive root to Eq. (37), the central 
singularity is not naked because there is no outgoing future directed non-spacelike geodesies 
emanating from the singularity. Thus, existence of the real positive roots of V(Xq)Q(Xq) = is 
a necessary and sufficient condition for the singularity to be naked, and at least one single null 
geodesies in the (t, r) plane would escape from the singularity. 

• Global visibility 

A naked singularity can be considered to be physically significant singularity if a family of 
geodesies escape from the singularity to far-away observers for a finite period of time. We have 
worked out a detail analysis of visibility of naked singularity in [7] and analyzed whether the 
singularities are globally naked and an infinity of curves would emanate from singularity to reach 
a distant observer. 
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• Strength 

We determine the curvature strength of a naked singularity, which is an important aspect of a 
singularity [12]. It is widely believed that a space-time does not admit an extension through 
a singularity if it is a strong curvature singularity in the sense of Tipler [13]. A necessary and 
sufficient condition (criterion) for a singularity to be strong has been given by Clarke and Krolak 
[14]: that for at least one non-spacelike geodesic with affine parameter k, in the limiting approach 
to the singularity, we must have 

lim k 2 ip = lim k 2 R ab K a K b > (40) 
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where R a b is the Ricci tensor. We investigate the above condition along future-directed non- 
spacelike geodesies that emanate from the naked singularity. Eq. (40) can be expressed as 
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Using Eqs. (32), (33), and L'Hospitals rule, Eq. (41) for V(X ) = turns out to be 
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while Q(X ) = yields 

l imk 2 ij = ^l!>0. (43) 

The strong curvature condition along geodesies is satisfied if H > 0, which is also a necessary 
condition for the energy condition. Thus, it follows that naked singularities are gravitationally 
strong if the WEC is satisfied. 



4 Matching with the 5D Schwarzschild Solution 

We consider a spherical surface whose motion is described by a timelike four-space E, which 
divides space-times into interior and exterior manifolds. We shall first cut the space-time along 
timelike hypersurface, and then join the internal part with the 5D Schwarzschild solution in 
retarded Eddington-Finkelstein coordinates. The metric on the whole space-time can be written 
in the form 

2 _ j -e 2v dt 2 + e 2 ^dr 2 + r 2 S 2 dQ 2 , r < r s , , , 

dS ~ \ -(l-^)du 2 -2dudv + r 2 dn 2 , r>r 2 . [ ' 

The metric on the hypersurface r = is given by 

ds 2 = -dr 2 + n 2 (r)dQ 2 . (45) 

We suitably modify the approach of junction conditions given in [16, 17] for our 5D case. Hence, 
we demand 

(dslh = (ds 2 + ) s = (ds%. (46) 

The second junction condition is obtained by requiring the continuity of the extrinsic curvature 
of E across the boundary. This gives 

K- 3 = K± (47) 

where is the extrinsic curvature to E, given by 
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and where P^,' , are Christoffel symbols, n^, the unit normal vectors to E, x a ' are the coordinates 
of the interior and exterior space-time and are the coordinates that define E. The junction 
condition (46) yeilds 
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The non-vanishing components of intrinsic curvature of S are determined as follows: 
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where the subscripts r and t denote partial derivative with respect to r and t respectively. 
The unit normals to £ are given by 
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From Eqs. (47), (53) and (55) we have 
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Using Eqs. (49), (50) and (51), we can write Eq. (60) as 
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which is the total energy entrapped inside the surface S. From Eqs. (52) and (54), using (49), 
we obtain 
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Substituting Eqs. (49), (50) and (61) into (60), we get 
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Differentiating (63) with respect to r and using Eqs. (61), we can rewrite (62) as 
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Now, we translate the above equation in terms of X — t/r, which gives 
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Comparing (65) with (6) and (7), we can finally write 



(P)e = 0. 



(66) 



Thus, the pressure vanishes at the boundary of the spherical surface, and hence the interior 5D 
self-similar perfect fluid is matched with the 5D Schwarzschild solution. 

5 conclusions 

It has been found that the extra dimension does not affect the occurrence of a naked singularity 
but rather leads to occurrence of a strong curvature naked singularity. It is the weak energy 
condition that is necessary for visibility of the singularity for a finite period of time. The 5D 
spherically symmetric self-similar space-time admits a globally strong curvature naked singularity 
provided the equation V(X)Q(X) = has real positive roots, and singularities are found to be 
gravitationally strong in the Tipler's sense. 

For the sake of completeness, we have matched the solution to the 5D Schwarzschild solution 
in retarded Eddington-Finkelstein coordinates, so that the resulting solution will represent the 
collapse of a star. 

This study generalizes the results of spherical gravitational collapse in 4D to 5D space-time 
for all non-spacelike geodesies. The formation of these naked singularities violates the cosmic 
censorship conjecture. Finally, the results obtained here would also be relevant in the con- 
text of superstring theory and for an interpretation of how critical behaviour depends on the 
dimensionality of space-time. 
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